It is shown that discrete-time quantum walks can be used to digitize, i.e., to time discretize fermionic models of continuous-time lattice gauge theory. The resulting discrete-time dynamics is thus not only manifestly unitary, but also ultralocal, i.e. the particle's speed is upper bounded, as in standard relativistic quantum field theories. The lattice chiral symmetry of staggered fermions, which corresponds to a translational invariance, is lost after the requirement of ultralocality of the evolution; this fact is an instance of Meyer's 1996 no-go lemma stating that no non-trivial onedimensional scalar quantum cellular automaton can be translationally invariant [1] . All results are presented in a single-particle framework and for a (1+1)-dimensional spacetime. Introduction. Lattice gauge theories (LGTs) are a framework to define and study non-perturbative quantum field theory (QFT) [2] . The associated computations being often very demanding, they are usually evaluated via Monte-Carlo sampling, but this technique is limited for the computationally-most-demanding questions, such as real-time dynamics, and it suffers from the sign problem [3] . Tensor-network techniques can improve [4, 5] or circumvent and outperform [6-8] Monte-Carlo sampling, but one still expects at the very least a substantial speedup from quantum computers [9] . Now, although a fullyfledged quantum computer is not yet to be built, various types of quantum simulators have already provided proofs of principle, from chemistry, to condensed matter, to high-energy physics. Regarding the latter, a small-size digital quantum simulator based on trapped ions was, indeed, recently built, which successfully reproduced pair creation in the Schwinger model [10] . Also, several proposals of analog [11] [12] [13] and digital [14] quantum simulations of LGTs with cold atoms in optical lattices have been made in the last years. The model implemented in Martinez et al.'s experiment [10] is a unitary digitization, i.e., time discretization, via a series of quantum gates, of a continuous-time formulation of (1+1)D lattice quantum electrodynamics. This continuous-time model can actually be seen as a continuous-time quantum walk (CTQW) having multiparticle gauge interactions, with fermionic fields on the sites of the lattice and bosonic fields on the links. Quantum walks, be they in continuous or discrete time, are models of quantum transport on graphs, e.g. spatial lattices, which are useful both to design quantum algorithms and for quantum simulation. They have actually been suggested for universal quantum computation [15] .
Introduction. Lattice gauge theories (LGTs) are a framework to define and study non-perturbative quantum field theory (QFT) [2] . The associated computations being often very demanding, they are usually evaluated via Monte-Carlo sampling, but this technique is limited for the computationally-most-demanding questions, such as real-time dynamics, and it suffers from the sign problem [3] . Tensor-network techniques can improve [4, 5] or circumvent and outperform [6] [7] [8] Monte-Carlo sampling, but one still expects at the very least a substantial speedup from quantum computers [9] . Now, although a fullyfledged quantum computer is not yet to be built, various types of quantum simulators have already provided proofs of principle, from chemistry, to condensed matter, to high-energy physics. Regarding the latter, a small-size digital quantum simulator based on trapped ions was, indeed, recently built, which successfully reproduced pair creation in the Schwinger model [10] . Also, several proposals of analog [11] [12] [13] and digital [14] quantum simulations of LGTs with cold atoms in optical lattices have been made in the last years. The model implemented in Martinez et al.'s experiment [10] is a unitary digitization, i.e., time discretization, via a series of quantum gates, of a continuous-time formulation of (1+1)D lattice quantum electrodynamics. This continuous-time model can actually be seen as a continuous-time quantum walk (CTQW) having multiparticle gauge interactions, with fermionic fields on the sites of the lattice and bosonic fields on the links. Quantum walks, be they in continuous or discrete time, are models of quantum transport on graphs, e.g. spatial lattices, which are useful both to design quantum algorithms and for quantum simulation. They have actually been suggested for universal quantum computation [15] .
Discrete-time quantum walks (DTQWs) are defined in discrete time. The state of the walker at time j + 1 ∈ N * , and position p ∈ Z, is determined solely by the state * pablo.arnault@ific.uv.es of the walker at time j within a certain bounded spatial neighborhood around p. This defines ultralocality for an evolution operator evolving states in discrete time. Multiparticle DTQWs are known as quantum cellular automata (QCA) [16] . Ultralocality of the evolution, not only spares resources, but actually preserves a fundamental property of standard relativistic QFTs in continuous spacetime: the existence of a maximum speed, i.e., an upper bound on the propagation speed. This feature is at the heart of a structure theorem which proves that any QCA can be built out of a small subfamily of QCA, in a way which preserves spacetime neighborhoods [17] . QCA thus seem natural candidates to discretize relativistic QFTs. Several results have already been obtained, (i) in the single-particle free case [18] [19] [20] , with couplings to electromagnetic [21] , non-Abelian [22] and relativistic gravitational gauge fields [23, 24] , and (ii) in the multiparticle free case [16, 25, 26] . Some results exist in the multiparticle interacting case [27] . Also, action principles for QCA and their general-relativistic covariance have been studied [27] [28] [29] [30] . That being said, there has been little work, even in the single-particle case, on the relationship between the well-known discretizations of QFTs that LGTs are, and these more recent QCA discretizations.
Let us comment on what happens to the maximum speed in
LGTs. In continuous-time, i.e. Hamiltonian
LGTs, the evolution operator is not ultralocal. Indeed, for the dynamics described by a lattice Hamiltonian to be non-trivial, this Hamiltonian must be nonblock-diagonal in position space, otherwise there is no interblock dynamics; but the evolution operator corresponding to a non-block-diagonal Hamiltonian is generically not ultralocal, i.e., from one instant to another, there is always a non-zero probability to have moved arbitrarily far from the starting position 1 . Let us now speak 1 Notice that, out of a certain light cone, i.e., for big enough distances x and small enough times t such that x > V LB t, where about the discrete-time versions of LGTs. These being formulated, for technical reasons, in Euclidean spacetime, their unitarity is not manifest. Unitarity can be proven in certain cases, e.g., for the (1+1)D Wilson [32] and staggered [33] LGT models in Euclidean discrete-time, the continuous-time version of which we start from, further down. However, generalizing these models to higher dimensions and number of flavors can lead to difficulties in ensuring unitarity [34, 35] , while QCA discretizations are by construction manifestly unitary. Let us now come back to the question of the ultralocality of the evolution. The transfer matrices, that is, the Euclidean versions of the evolution operators, are built by exponentiating the terms of the spacetime-discretized action in a way which ensures the positive definiteness of the transfer matrix, i.e., the unitarity of the evolution. This criterion does not forbid the exponentiation of non-block-diagonal matrices, and it is no surprise that the obtained transfer matrices, and so the associated evolution operators, are not ultralocal. The digitization performed in Martinez et al.'s experiment does not yield an ultralocal evolution either. In contrast, QCA are manifestly ultralocal by construction.
The present work is aimed at shedding light on conceptual and technical relationships which exist between
LGTs and QCA discretizations of QFTs. The main result is that DTQWs can be used to digitize fermionic models of continuous-time LGTs, in such a way that the evolution operator is not only manifestly unitary, but also ultralocal. Our discrete-time ultralocal scheme is not chiral symmetric, neither (i) in the standard multicomponentwavefunction picture, nor (ii) in the staggered-fermions picture, where the wavefunction is scalar and the chiral symmetry corresponds to a translational invariance of the model. While (i) could be satisfied at the price of introducing fermion doubling, which our model avoids, (ii) is unavoidable for an ultralocal unitary evolution, in virtue of Meyer's 1996 no-go lemma stating that no non-trivial one-dimensional scalar quantum cellular automaton can be translationally invariant [1] .
Left-right spatial discretization of the (1+1)D Dirac equation: motivation, definition and properties. The (1+1)D Dirac equation reads i∂ t Ψ = H 0 (−i∂ x )Ψ, having introduced (i) a two-component Dirac wavefunction,
denoting the V LB is the Lieb-Robinson (LB) upper bound velocity on the group velocity [31] , this probability is, although generically nonvanishing, exponentially bounded with distance, independently of the state. This result is generic to near-neighbors Hamiltonian, i.e., Hamiltonians with finite-support interactions and defined on lattices, and it applies, more generally, to correlations between any two observables separated by some distance. The LB bound acts in practice, i.e., up to negligible errors, as a strict upper bound, i.e. causally decorrelates distant parts of the system, since an exponential suppression is a very strong one. However, the LB bound is, on the contrary to the speed of light, not universal: it depends on the considered Hamiltonian, that is, both on the structure of the lattice and on the form of the near-neighbors interaction.
transposition, with superscripts L and R for 'left' and 'right', explained after Eqs. (1) , and (ii) the free Dirac Hamiltonian, H 0 (−i∂ x ) = α 1 (−i∂ x ) + mα 0 , with mass m and alpha matrices α 0 = σ 3 and α 1 = σ 1 , where σ n is the nth Pauli matrix. We introduce a 1D spatial lattice (x p = pa) p∈Z with lattice spacing a. The so-called naive spatial discretization of the above Dirac equation is obtained by replacing ∂ x by a symmetric finite difference: iΨ (t,x) = α 1 [−i (Ψ (t,x+a) − Ψ (t,x−a) )/(2a)] + mα 0 Ψ (t,x) . This way of discretizing is known to suffer from the fermion-doubling problem [2, 36] , which comes from the use of finite differences defined over two lattice spacings rather than a single one [2] . The mere replacement of the symmetric finite difference by an asymmetric one breaks the Hermiticity of the Hamiltonian, and leads to renormalization issues [2] . That being said, it is possible to preserve Hermiticity while sticking to asymmetric finite differences, by the use of, say, a left (resp. right) finite difference for the upper (resp. lower) component of the Dirac wavefunction. Such a discretization can be written as i |Ψ (t) =Ĥ |Ψ (t) , whereĤ will be called the left-right Hamiltonian, and readsĤ = pĤ p , each single-site being the sum of two terms,Ĥ p =Ĥ 
with Ψ p = Ψ (xp) , and where we have omitted the time variable to lighten notations. Now, look at the first equation: ψ L p is 'fed', i.e.ψ L p is determined, by the knowledge of ψ R p , which is at the same location, and of ψ R p−1 , which is on the left of ψ L p , so that we may say that ψ R p feeds to the right, hence the superscript R, and similarly for L (second equation).
As mentioned before, the left-right discretization avoids fermion doubling. Now, there exists a well-known solution to remove fermion doubling in naive discretizations, namely, that of Wilson [37] , known as Wilson fermions, which consists of adding, to the standard naive discretization, a mass term of the Schrödinger type (i.e., a lattice Laplacian), called Wilson term. The effect of the Wilson term on the dispersion relation is to raise the energy on the edges of the Brillouin zone in order to remove the unwanted extra poles in the propagator, and this can be done by a tunable amount [36] . The Hamiltonian corresponding to this model, that we may call Wilson's Hamiltonian, is [36] 
S ) p , where W is for 'Wilson', n for 'naive', S for 'Schrödinger', and r ∈ R is Wilson's parameter. The naive Hamiltonian is given by . A well-known solution to restablish, up to a modification of the Hilbert space, chiral symmetry (without, of course, reintroducing the doubling problem), is to work with the so-called staggered formulation of LGT [2, 38] . The idea is to distribute the internal components of the Dirac wavefunction over different lattice sites. Consider Eqs. (1) . Take every lower component ψ R p , and shift it spatially by a/2, i.e. position it at x = pa + a/2 (this is the only operation to be performed). This induces a new lattice (x n = na/2) n∈Z of spacing a = a/2 which is filled, at even sites n = 2p, with ψ e 2p ≡ ψ L p , and, at odd sites n = 2p+1, with ψ
We can thus define a single-component wavefunction φ such that φ n = ψ e n for n even, and ψ o n for n odd. In terms of φ, Eqs. (1) can be recast as a single equation,
2a |n n + 1| − |n + 1 n| . Now, the massless staggered Hamiltonian is invariant, not only by two-site translations on the lattice, which simply corresponds to the translational invariance of the original non-staggered Hamiltonian, but also by singlesite translations on that lattice, which corresponds to the exchange of the original upper and lower components, that is, to the γ 5 invariance of the massless continuum Dirac Hamiltonian. This is how the staggering restab-2 It is actually a general result, known as the Nielsen-Ninomiya no-go theorem, that no Hamiltonian that respects the usual Hermiticity, locality (i.e. near-neighbors structure) and translationinvariance conditions, such asĤ orĤ
W , can avoid fermion doubling if it does not break chiral symmetry. To sum up, although both the left-right discretization and the staggered one avoid fermion doubling and might seem equivalent at first sight, in the sense that one can, picturingly speaking, go from the left-right to the staggered one by a graphical rotation of π/2 of all column vectors (ψ L p , ψ R p ) , p ∈ Z, in order to position the lower components on different lattice sites, this graphical rotation, i.e., the transformation of internal degrees of freedom into external ones, is actually crucial to recover a remnant of chiral symmetry.
a)
Ultralocal unitary digitization of the spatiallydiscretized (1+1)D Dirac equation via DTQW. We are interested in the time discretization of the continuoustime unitary dynamics generated by the left-right Hamiltonian, which is non-block-diagonal in position space. Now, the naive time discretization of nonblock-diagonal lattice Hamiltonians, that is, considering the continuous-time evolution but through a stroboscope of period ∆t, leads to an evolution between two discretetime instants which is, generically, not ultralocal, because the exponential of a non-block-diagonal Hamiltonian is not ultralocal. One may say, in the present case of a near-neighbors Hamiltonian, that the naive time discretization leads to a 'loss of ultralocality', in the sense that the near-neighbors structure of the Hamiltonian is the most local continuous-time dynamics that one can conceive on a lattice, which may also be seen, in terms of the evolution operator, as an ultralocality, but 'at constant time'. The ultralocality of the evolution cannot be naively 'restored', after time discretizing, by truncation of the exponential series, because this breaks unitarity. A well-known trick to 'restore' ultralocality in the time discretization of a near-neighbors Hamiltonian, is to split the Hamiltonian into block-diagonal parts, and then use the Trotter-Suzuki approximation to build an appropriate ultralocal one-time-step evolution operator [39] . Let us do so forĤ.
The mass term is irrelevant in this discussion, since it can be time-discretized naively within the TrotterSuzuki scheme because it is diagonal in position space. Let us focus on the transport HamiltonianĤ t . One can writeĤ t =Ĥ on +Ĥ int. , where, for i = on, int.,
, with the on-site and the intersite singlesite terms, respectively given byĤ
is manifestly block diagonal in position space. What aboutĤ int.
? To visualize the situation, let us explicitly write the matrix representation H t of this transport Hamiltonian,Ĥ t , in the LR-position basis, |p ⊗ |L , |p ⊗ |R p∈Z . This yields, from, say, p − 1 to p + 1,
For a good visualization, we have only written a 6×6 matrix, but the equality stands for the infinite-dimensional matrix. The dots stand for zeros. The boxed 1's and (−1)'s correspond toĤ on , and the others toĤ int.
. We notice the above-mentioned manifest block-diagonality of H is also block-diagonal in the full Hilbert space, obviously not in the position basis (|p ) p∈Z , that we shall call non-staggered position basis, but in the complete, i.e. LR-position basis, or, via the correspondence Lp → 2p and Rp → 2p + 1, in the staggered position basis, (|n ) n∈Z . Indeed, this correspondence yields, not only the following identification,
, where H t stag. is the matrix representation of the massless staggered Hamiltonian, but also that the on-inter splitting ofĤ is nothing but a standard evenodd splitting ofĤ stag. , similar to that performed in Ref. [39] . Let us introduce a discrete time coordinate j ∈ N, such that Ψ j,p = Ψ (tj ,xp) , where t j = j∆t, and ∆t ≥ 0 is the time step. Now that we have split
into two block-diagonal parts, we can build the desired ultralocal time-discretized evolution from time j to time j + 1, that we write |Ψ j+1 = U |Ψ j + O(∆t) -where, to lighten the writing, we have simply used the notation |Ψ j for the associated matrix representation -, by defining U ≡ U m U t , with U t ≡ U on U int. , where, for i = m, on, int., U i ≡ exp(−i∆t H i ) . Note that we have interpreted U as an evolution operator in the left-right picture, but we can also interpret it in the staggered picture. Now, we have seen above that both the mass and the on-site Hamiltonians are block-diagonal in the non-staggered position basis, so that one can perform a block exponentiation. Since the involved blocks are Pauli matrices, which square to the identity, their exponentiation is straightforward (use, e.g., the power-series representation of the exponential). Moreover, we have also seen that the intersite Hamiltonian is actually the same as the on-site one but shifted by one lattice site in the staggered position basis. In the end, we thus obtain U m = diag(µ, µ * , µ, µ * , µ, µ * ), where µ = exp(−i∆t m), the * denotes complex conjugation, and
where c = cos δ and s = sin δ, with δ = ∆t/a. A straightforward computation delivers the product
which is translationally invariant in the non-staggered position basis. The discrete-time evolution through U reads Ψ j+1,p = p|U|Ψ j , that is, explicitly,
. (5) Recall that, in the limit ∆t → 0, these equations coincide with the dynamics of continuous-time LGT fermions, which in turn coincides, in the limit of a lattice spacing a → 0, with standard Dirac dynamics. The ultralocal transport evolution operator, U t , that we have built thanks to the even-odd splitting of the staggered Hamiltonian H stag.
, has 'lost' the single-site translation invariance of H stag.
. This is the price to pay for this even-odd digitization, which renders the discrete-time scheme ultralocal: indeed, Meyer's 1996 no-go lemma states that no non-trivial one-dimensional scalar ultralocal unitary evolution, that is, quantum cellular automaton, can be translationally invariant [1] . Hence, there is no more remnant of chiral symmetry in U t . This makes the left-right picture more relevant than the staggered one in a discrete-time framework, since the translational invariance is only realized in the former. Let us now state one of the main points of the present work. It turns out that the left-right-picture U t in Eq. (4) can be written as a DTQW of the type introduced by Strauch to establish a connection between DTQWs and continuous-time quantum walks [40] , namely,
where we have introduced (i) a coin operation C(θ) = exp(−iσ 2 θ/2), where θ = π − 2δ, and (ii) left and right internal-state-dependent shifts, S 
, which simply indicates that at each time step, one can first shift either the left movers or the right movers.
In the Supplemental Material, we extend our timediscretization method to Wilson's Hamiltonian in the original internal-space representation, which allows for any choice of Wilson's parameter, r. We also U(1)-gauge our DTQWs; the lattice gauge transformations involve, notably, the standard finite differences used in LGT, instead of the more complicated ones used in Ref. [21] . We suggest a gauge-invariant quantity on the spacetime lattice and a classical on-shell dynamics (Maxwell's equations) for it, more appropriate than that of Ref. [21] .
Conclusion and perspectives. Enforcing the ultralocality of the evolution operator leads to a loss of the staggered-model chiral symmetry, and this is unavoidable in virtue of Meyer's 1996 no-go lemma stating that no non-trivial one-dimensional scalar quantum cellular automaton can be translationally invariant. Sharatchandra et al.'s staggered discrete-time scheme is (unitary and) chiral in the staggered sense, i.e. translationally invariant, but not ultralocal [33] , while our discrete-time scheme is (unitary and) ultralocal, but not translationally invariant. Can one find a DTQW i.e. an ultralocal discrete-time evolution, in 1+d dimensions with d ≥ 3 (in d = 2 there is no notion of chirality), (i) having staggered fermions as a continuous-time limit, and (ii) which preserves, in discrete time, the lattice chiral symmetry of staggered fermions?
Our discrete-time scheme is ultralocal, so that it shares with continuum QFTs the property that the particle's speed is upper bounded. However, we can only recover the appropriate continuum-limit equations by first performing a continuous-time limit, which is a nonrelativistic limit in which the speed of light goes to infinity. In other words, setting ∆x/∆t = c, a constant, makes it impossible to derive either a continuous-time limit or a continuous-spacetime one. This forbids the straightforward identification of the maximum speed of the discrete-time model as a discrete-time counterpart of the speed of light of the Dirac equation in the continuum, a question we hope to solve in future work. Recall, indeed, that this difficulty contrasts with the standard DTQW-discretized Dirac equation, in which the discretespacetime counterpart of the continuum speed of light is precisely simply the ratio ∆x/∆t, which can be set constant without forbidding the continuous-spacetime limit to be performed. Supplemental Material about Discrete-time quantum walks as fermions of lattice gauge theory This Supplemental Material contains, most notably, the following appendices. In Apps. A and B we show, respectively, that (i) the naive spatial discretization of the (1+1)D Dirac equation and (ii) the standard additional Wilson term can also be digitized unitarily and ultralocally with DTQWs, via (i) the same method or (ii) a very similar one, respectively. In App. C, we give the precise link between the DTQWs introduced in the present work and Strauch's original one. In App. D, we perform the standard even-odd, non-DTQW-based digitization of the (1+1)D Dirac equation, and show that it is unitarily mapped to the DTQW-based one, but that this mapping is not of near-neighbors type, i.e. it has matrix elements arbitrarily far from the diagonal. This implies, in particular, that it is quadratically costly, in the number of sites of the 1D spatial lattice, to go from the non-DTQW-based digitization to the DTQW-based one (or vice versa) -while this would be linearly costly if the mapping was of near-neighbors type. In App. E, we show how to include a U(1) gauge-field coupling in our scheme, Eq. (6) of the paper, which gives back the known models of Hamiltonian LGT and continuum field theory when taking, respectively, the continuoustime limit and an additional continuous-space limit. This U(1)-gauged scheme is gauge invariant on the spacetime lattice, and the gauge transformations involve, notably, the standard finite differences used in LGT, instead of the more complicated ones used in Ref. [21] . We suggest a gauge-invariant quantity on the spacetime lattice and a classical on-shell dynamics (Maxwell's equations) for it, more appropriate than that of Ref. [21] .
Note before reading
The reader may have noticed that in the main text, we have essentially reserved the notion of 'ultralocality' to evolution operators. We did so in order to avoid confusions. However, this notion can be used in an abstract, mathematical sense, for an arbitrary operator. Indeed, given an operator acting on wavefunctions defined on a 1D spatial lattice (e.g., a Hamiltonian or an evolution operator), that is, in practice, a large matrix in the position basis, we qualify it as 'ultralocal' if its matrix elements strictly vanish above a certain distance D loc. from the diagonal
1
. Notice that the terminology 'ultralocal' is equivalent to 'near-neighbors'. Notice also that the physical meaning of the ultralocality depends a priori on the type of operator which is qualified as ultralocal.
Before reading App. B, we recommend reading at least Apps. D 1 and D 2.
of the left-right transport term, H t , already introduced in the main text, and of a right-left one,
with
We have straightforwardly that
The operation ♦ thus corresponds to the exchange of the up and down components of the Dirac wavefunction, which is by the way the action of γ 
i.e. the operation ♦ commutes with the exponentiation. Applying this to O = −i∆tH int.
first shows, without needing to explicitate the computation, that, because the evolution operator asociated to H int.
is ultralocal, then so is that associated to (H int. ) ♦ , which is in the end enough for our purpose. We can thus define an appropriate ultralocal evolution operator associated to (H t ) ♦ /2, by (pay attention to the order)
where, for i = on, int., we have defined
where the U i a 's are exactly the operators that have been introduced in the main text but without indicating the subscript a. We immediately obtain
where, again, U t a is exactly the operator that has been introduced in the main text but without indicating the subscript a. Applying the operation ♦ to Eq. (4) considered for 2a instead of a results in
Now, this (U t 2a ) can be written as the following DTQW,
Finally, we define an appropriate ultralocal evolution operator for the naive transport Hamiltonian, by (pay attention to the order)
that is,
which simplifies into
where
Of course, we can also implement a mass term by defining
and α 0 n is any two by two matrix compatible, in the sense of the Clifford algebra, with the choice α 1 = σ 1 made for the naive transport term, for example any Pauli matrix but σ 1 . In App. F, we briefly comment on how the terms of the continuous-time naive LGT Dirac dynamics, which exhibit no trace of lattice-chiral transport 2 , are implemented by the DTQW-based digitization described in the present appendix.
, and the passage matrix is 
With this, and using for U t n , Eq. (A16), the notation
one can easily write
This shows that O Strauch and −U t n (−θ, θ) are unitarily equivalent. Now, that O Strauch has a continuous-time limit implies that in the limit of a vanishing time step ∆t = 0, it equals the identity, which is manifestly not unitarily equivalent to −O Strauch . Hence, this holds for an arbitrary time step ∆t, i.e. −O Strauch is not unitarily equivalent to O Strauch , and is thus not unitarily equivalent to U t n (−θ, θ), since the latter is unitarily equivalent to −O Strauch .
Taking the limit θ → π makes Strauch's scheme coincide with a standard CTQW on the line, instead of the previously well-known limit θ → 0, associated to a continuum limit in both time and space, which delivers the Dirac equation with σ 3 as the first alpha matrix. In the present work, we use U t n (θ, θ) instead of U t n (−θ, θ): this is necessary to be able to derive a continuous-space limit after the continuous-time one, which, as with θ → 0, makes the scheme coincide with the Dirac equation, but in a different Clifford-algebra representation, with σ 1 as the first alpha matrix.
Note that Strauch's proof for the connection between DTQWs and CTQWs already introduces the fact that one applies twice the shift and coin operations: this appears to be a necessary ingredient to derive a continuous-time limit from a standard DTQW in Strauch's (and hence in the present) framework. Indeed, Strauch's procedure to take the continuous-time limit can be viewed as a (time-)continuum limit in the fashion of Ref. [41] , i.e. a (time-)continuum limit performed with a stroboscope of period 2. This comes from the following technical analogy between Strauch's time-continuum limit and the spacetimecontinum limit of Ref. [41] : in Ref. [41] , increasing the stroboscope period from 1 to 2 enables to release the constraint on the zeroth-order value of the mixing angle, i.e. no need for it to be homogeneous in spacetime anymore, for the continuum limit to exist; in Strauch's (and hence in the present) work, this procedure enables to release the constraint on the spatial smoothness of the lattice wavefunction, i.e. no need to take a continuous-space limit as we take a continuous-time limit.
where, for a good visibility, we have written 6×6 matrices (of 2 × 2 matrices) in the (non-staggered) position basis, (|p ) p∈Z , i.e. 12 × 12 matrices in the staggered position basis, (|n ) n∈Z , that is, as big as that of Eq. (B4). The product reads the normalized eigenvectors Π U
In particular, P (K) (resp. Q (K) ) is thus unitary.
b. In real space
Given our definition of the Fourier transform, Eq. (D13), we have
so that
which is, as B (K) , a 4 × 4 matrix, with coefficients
We wonder whether the mapping B is ultralocal, i.e., whether its coefficients B ll = b l−l vanish when we are sufficiently far from the diagonal, i.e. for |l − l | big enough.
Since b l−l is a 4×4 matrix, it is convenient to reformulate the question as whether there is at least one of its coefficients b uv l−l which do not vanish for |l − l | big enough, i.e. whether there is at least one of the b uv : N → b uv N of Z → C which has not a finite support on Z. Now, inverting Eq. (D26) yields
so that b uv has a finite support on Z if and only the above sum involves a finite number of terms.
Because of what we said in the last paragraph of Sec. D 3 a, we know a priori that B (K) , which is unitary and defined in Eq. (D21), has the following form,
where the four asterisks stand for
which we know can be written has a generic 2×2 unitary matrix, and determined pedestrianly, i.e. via the product
where R (K) (resp. S (K) ) is the matrix whose columns are formed by the normalized eigenvectors of Π U
(K) (resp. Π W (2) (K) ). After some simplifications, we find
and X = tan 2 (δ)
Now, it is manifest from the following writing of B (K) ,
that the latter will be a generalized (negative powers allowed) polynomial of e iK , i.e. of the form of Eq. (D27) with a sum involving a finite number of terms, if and only if F is also one. Since |X| < 1, we have, for any ω ∈ R,
Applying this formula for ω = −1/2 shows that F is not reducible to a (generalized) polynomial, i.e. it is an integer series of X involving an infinite number of terms, and so the mapping between the non-DTQW-based and the DTQW-based discretizations is not ultralocal.
Appendix E: Towards U(1) lattice gauge theory with DTQWs.
Left-right scheme
We now work with the abstract position basis, (|p ) p∈Z . Instead of the evolution operator given by Eqs. (6), consider nowÛ
where 'g' is for 'gauged', andα j andθ j are operators which are diagonal in the position basis, that is, α j |p = α j,p |p ≡ ∆t qA 0 j,p |p , andθ j |p = ϑ j,p |p ≡ −a qA 1 j+1,p |p , with real-valued eigenvalues. In the continuum-spacetime limit, one gets the Dirac equation with an electric 2-potential coupling (A 0 , A 1 ) through the charge q, as we are going to show by first taking only the continuous-time limit. In terms of the equations of motion, replacing Evolution (6) by Evolution (E1) means replacing Eqs. (5) The continuous-time limit of the above equations yields a Hamiltonian evolution with what we shall call the left-right gauged Hamiltonian, whose singlesite (transport) term isĤ g;t p = (−i/a) antidiag(|p p| − |p + 1 p| e −iθ j , |p p + 1| e iθ j − |p p|) + qÂ 0 j |p p| . Taking now the continuous-space limit, one ends up with the announced Dirac equation.
The gauged evolution, Eqs. (E2), is invariant under discrete-spacetime local gauge transformations, that is, invariant under Ψ j,p → e iqϕj,p Ψ j,p , where ϕ j,p ∈ R is an arbitrary local phase, provided the gauge field transforms as − ϕ p ) . Taking the continuous-space limit of the previous transformation, one recovers the standard gauge transformation of an Abelian Yang-Mills gauge field, A µ → A µ − ∂ µ φ. Notice that the above gauge transformation on the spacetime lattice, which is given by standard finite differences, is extremely simple with respect to that of Ref. [42] . This ensues from the fact that scheme of the present work, Eq. (6), is chirally symmetrized with respect to that of Ref. [42] , i.e., viewing this from another perspective, symmetrized in time: indeed, in the present two-time-step scheme, the second step is done with an opposite coin angle −θ, i.e. with a coin operator which is the time-symmetrized of that having angle θ.
The following quantity,
where, for any quantity Q j,p defined on the spacetime lattice, we have introduced (d 0 Q) j,p = (Q j+1,p − Q j,p )/∆t and (d 1 Q) j,p = (Q j+1,p+1 − Q j+1,p )/a, is invariant under the transformation on the gauge field in Eqs. (E3) (since d 0 and d 1 commute) and tends, in the continuousspacetime limit, towards the standard electric tensor, F 01 = ∂ 0 A 1 − ∂ 1 A 0 . The following alternate quantity,
is actually a more appropriate gauge-invariant quantity, because, as the equations of motion, Eqs. (E2), are, it is invariant under the transformation A [2] . Note that one can simply use U 01 instead of F 01 for possible discrete equivalents to Maxwell's equations in the fashion of Ref. [21] , since this does not modify the continuum limit, given that what appears in those equations are the (discrete) derivatives of U 01 .
Naive scheme
We have seen that Eq. (E1) is a possible U(1)-gauged version of Eq. (6). Now, a possible U(1)-gauged version of Eq. (A16), is
The continuous-time limit of the evolution induced by U g;t n is a Hamiltonian dynamics given by the gauged version of the massless naive Hamiltonian, that is, Let us comment on the particularity of the digitization of the continuous-time naive LGT Dirac dynamics through DTQW. Consider the following walk operator,
which is nothing but U t n , given by Eq. (A16), but considering it as a function of two variables 
The parameter κ i is introduced to keep a trace, in the calculations, of where the various terms come from in the original discrete-time scheme. Expanding the above compact writing, Eq. (F1), yields the following one-timestep evolution equations, 
The continuous-time limit of this scheme readṡ
As announced, the κ i 's enable to visualize how the terms of the continuous-time dynamics are implemented by the discrete-time automaton, and make it manifest, in the continuous-time limit, the lattice-chiral aspect of the discrete-time implementation.
Appendix G: Even-odd digitization as a DTQW-based digitization by introducing an even-odd coin space.
The DTQW writing of Eqs. (5), namely, Eq. (6), can actually be understood in the staggered picture, by replacing L (resp. R) by 'even' (resp. 'odd') and by using the staggered-picture lattice, but this demands to be able to realize, on this lattice, (two-site) translations of even-site (resp. odd-site) components without translating the odd-site (resp. even-site) ones. In other words, if such translations can be realized, no single-site translations are needed to evolve the walker on the staggeredpicture lattice, and the suggested procedure is conceptually equivalent to the left-right picture since it naturally introduces an even-odd (EO) internal Hilbert space. Such an even-odd picture with even-odd internal degree of freedom should thus simply be seen as a possible instance of the left-right picture, with possible experimental interest.
To sum up the previous paragraph: the staggered picture of the left-right-Hamiltonian digitization can be viewed as a possible instance of the non-staggered picture, provided one can realize site-parity-dependent twosite translations on the staggered-picture lattice. We are going to show that, similarly, the even-odd digitization (referred to as non-DTQW-based) of naive fermions, presented in App. D, can also be viewed, under the same condition, as such a DTQW in the EO coin basis (with, of course, an additional LR internal degree of freedom on which no DTQW is performed).
Eq. (D14) can be rewritten as s −cσ 
withK = 2k, and where the (block-)matrices are written in the EO coin basis, that we are allowed to introduce provided one can realize site-parity-dependent two-site translations, which makes single-site translations unnecessary (and forbidden if we introduce the EO coin basis). The scheme may be rewritten as
with C(θ) and S L/R K matricially given by C(θ) and S L/R K , respectively, but where the \mathsf font indicates that the coin basis is here the EO one, not the LR one. We have also introduced the following site-parity-dependent change of LR coin basis,
where ρ = e i π 4
is a square root of the Pauli matrix σ 1 , i.e. ρ 2 = σ 1 .
